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/DERUDWRLUH GHV 0DWÅULDX[ 0DFURPROÅFXODLUHV� ,QVWLWXW 1DWLRQDO GHV 6FLHQFHV $SSOLTXÅHV GH
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$EVWUDFW

3RO\XUHWKDQH DFU\ODWH UHVLQV FXUHG E\ WZR GLIIHUHQW ZD\V� D WKHUPDO ZD\ DQG D SKRWRFKHPLFDO

ZD\� DUH LQYHVWLJDWHG E\ PHDQV RI GLIIHUHQWLDO VFDQQLQJ FDORULPHWU\ �'6&� DQG WKHUPDOO\ VWLPX�

ODWHG GHSRODUL]DWLRQ FXUUHQWV �76'&�� (YHQ LI ERWK FXULQJ PHWKRGV OHDG WR WKH VDPH PDWHULDO IURP

D FKHPLFDO SRLQW RI YLHZ� ZH VKRZ WKDW LPSRUWDQW GLIIHUHQFHV H[LVW EHWZHHQ WKH WKHUPRFXUHG UHVLQ

DQG WKH SKRWRFXUHG UHVLQ LQ WHUPV RI PROHFXODU UHOD[DWLRQ EHKDYLRXU�

.H\ZRUGV� '6&� HQWKDOSLF UHOD[DWLRQ� SRO\XUHWKDQH� 76'&

,QWURGXFWLRQ

3RO\XUHWKDQHV DQG HVSHFLDOO\ SRO\XUHWKDQH DFU\ODWH UHVLQV DUH RI SULPH LQWHUHVW
EHFDXVH GLIIHUHQW PHWKRGV RI FXULQJ FDQ EH SHUIRUPHG WR REWDLQ WKH ILQDO VROLG SURG�
XFW� 0RUHRYHU� D ODUJH YDULHW\ RI V\VWHPV FDQ EH DFKLHYHG E\ FKDQJLQJ WKH W\SH RI
LVRF\DQDWH JURXSV RU WKH OHQJWK RI DOLSKDWLF FKDLQV EHWZHHQ LVRF\DQDWH JURXSV� LQ
VXFK D ZD\ WKDW WKH PROHFXODU UHOD[DWLRQV EHORZ WKH JODVV WUDQVLWLRQ DUH H[SHFWHG WR
VFDQ D ODUJH UHOD[DWLRQ WLPH UDQJH� 7KH PROHFXODU UHOD[DWLRQ FDQ EH LQYHVWLJDWHG E\
PHDQV RI FDORULPHWU\ DQG WKHUPDOO\ VWLPXODWHG GHSRODUL]DWLRQ FXUUHQWV >�� �@� 7KH
FRPSOH[ VSHFWUXP REWDLQHG E\ 76'& WHFKQLTXH DOORZV WKH GHWHUPLQDWLRQ RI D SR�
ODUL]DWLRQ YDOXH ZKLFK GHSHQGV RQ WKH QXPEHU RI UHOD[LQJ GLSROHV� )RU '6& LQYHVWL�
JDWLRQV� WKH PROHFXODU UHOD[DWLRQ EHORZ WKH JODVV WUDQVLWLRQ FDQ EH GHVFULEHG IURP
WKH UHOD[DWLRQ WLPH τ JLYHQ E\ WKH 7RRO�1DUD\DQDVZDP\�0R\QLKDQ UHODWLRQVKLS >�@�
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ZKHUH [ LV WKH QRQ�OLQHDULW\ SDUDPHWHU ��≤[≤��� ∆K∗ WKH DSSDUHQW DFWLYDWLRQ HQHUJ\
DQG 7I WKH ILFWLYH WHPSHUDWXUH GHILQHG E\ 7RRO >�@ �GHILQHG DV WKH LQWHUFHSW EHWZHHQ
WKH YLWUHRXV VWDWH HQWKDOSLF OLQH DQG WKH OLTXLG VWDWH HQWKDOSLF OLQH�� 7KH DSSDUHQW DF�
WLYDWLRQ HQHUJ\ GHSHQGV RQ WKH QXPEHU RI UHOD[LQJ XQLWV DQG RQ WKH FRQILJXUDWLRQDO
HQWURS\ RI WKH V\VWHP >�@�
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ZKHUH ∆µ LV WKH HOHPHQWDU\ H[FLWDWLRQ HQHUJ\ SHU SDUWLFOH� 6F WKH PDFURVFRSLF FRQ�
ILJXUDWLRQDO HQWURS\� VF

∗ WKH FRQILJXUDWLRQDO HQWURS\ RI WKH VPDOOHVW QXPEHU RI SDUWL�
FOHV FDSDEOH RI UHDUUDQJLQJ� 1D WKH $YRJDGUR¶V QXPEHU DQG ]∗ WKH PLQLPXP YDOXH RI
WKH QXPEHU RI SDUWLFOHV WKDW FRRSHUDWLYHO\ UHDUUDQJH�

$FFRUGLQJ WR 0R\QLKDQ HW DO� >�@� WKLV DFWLYDWLRQ HQHUJ\ FDQ EH HVWLPDWHG IURP
WKH YDULDWLRQV RI 7I ZLWK WKH FRROLQJ UDWH�
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,Q WKLV ZRUN� ZH SUHVHQW WKH ILUVW UHVXOWV FRQFHUQLQJ WKH YDOXHV RI ∆K∗ DQG 3 RE�
WDLQHG IRU UHVLQV FXUHG E\ D WKHUPDO ZD\ DQG E\ D SKRWRFKHPLFDO ZD\�

0DWHULDOV�DQG�PHWKRGV

3RO\XUHWKDQH DFU\ODWH UHVLQV DUH V\QWKHVL]HG IURP D SUHSRO\PHU EDVHG RQ KH[�
DPHWK\OHQH GLLVRF\DQDWH �+'7� DQG K\GUR[\���HWK\O PHWKDFU\ODWH� 7KH V\QWKHVLV RI
WKH SUHSRO\PHU KDV EHHQ GHVFULEHG HOVHZKHUH >�@� 7ZR GLIIHUHQW ZD\V IRU WKH FXULQJ
SURFHVV DUH XVHG WR REWDLQ SRO\XUHWKDQH DFU\ODWH QHWZRUNV� D FODVVLFDO WKHUPDO ZD\
DQG D SKRWRFKHPLFDO ZD\� 7KH WKHUPRFXULQJ RI WKLV UHVLQ FRQVLVWV LQ FXULQJ WKH SUH�
SRO\PHU ZLWK SHUR[LGH DW ���R& GXULQJ �� K� 7KH SKRWRFXULQJ KDV EHHQ FRQVLGHUHG�
ZLWKRXW GLOXHQW UHDFWLYH PDWHULDO� LQ WKH SUHVHQFH RI WKH SKRWRLQLWLDWRU ����GLPHWK\O�
��K\GUR[\DFHWRSKHQRQH� GLVVROYHG LQ WKH ROLJRPHU E\ VWLUULQJ DW URRP WHPSHUDWXUH�
7KH UDGLFDO SKRWRSRO\PHUL]DWLRQ RI WKH UHVLQ ZDV IROORZHG XVLQJ D 3HUNLQ (OPHU
'6&�� FDORULPHWHU WRSSHG E\ DQ LUUDGLDWLRQ XQLW ���� : +J ODPS� ZLWK WZR TXDUW]
ZLQGRZV� 0RUH GHWDLOV DERXW WKHVH H[SHULPHQWV DQG FKDUDFWHUL]DWLRQ RI WKH UHVXOWLQJ
FURVVOLQNHG UHVLQ DUH JLYHQ LQ >�@ ZKHUH LW ZDV VKRZQ WKDW WKH FXUH UHDFWLRQ KDV
UHDFKHG LWV PD[LPXP� 7KH SUHVHQW FDORULPHWULF LQYHVWLJDWLRQV DUH SHUIRUPHG ZLWK D
3HUNLQ (OPHU V\VWHP � GLIIHUHQWLDO VFDQQLQJ FDORULPHWHU� 7HPSHUDWXUH VFDQV ZHUH
FDUULHG RXW RQ �� PJ VDPSOHV DW D KHDWLQJ UDWH RI �� . PLQ−� XQGHU D QLWURJHQ DWPRV�
SKHUH� 7HPSHUDWXUH FDOLEUDWLRQV DUH PDGH XVLQJ LQGLXP DQG ]LQF VWDQGDUGV� 7KH
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FKDQJHV LQ VSHFLILF KHDW FDSDFLW\ DW WKH JODVV WUDQVLWLRQ WHPSHUDWXUH DUH GHWHUPLQHG
XVLQJ WKH VSHFLILF KHDW FDSDFLW\ RI VDSSKLUH DV VWDQGDUG� 7KH DSSDUHQW DFWLYDWLRQ HQ�
HUJ\� ∆K∗ LV GHWHUPLQHG IURP WKH YDULDWLRQV RI WKH ILFWLYH WKHUPRG\QDPLF HTXLOLEULXP
WHPSHUDWXUH ZLWK WKH FRROLQJ UDWH� +HUH� WKH SURFHGXUH LV WR FRRO WKH VDPSOH LQ WKH
'6& DW D FRROLQJ UDWH LQ WKH UDQJH IURP ��� WR ��� . PLQ−�� IURP D WHPSHUDWXUH
7� ���

R& DERYH 7J GRZQ WR D WHPSHUDWXUH 7� ��
R& ZHOO EHORZ 7J� 7KHQ WKH VDPSOH

LV KHDWHG ZLWKRXW DQ\ DQQHDOLQJ WLPH XS WR 7� ZLWK WKH VDPH KHDWLQJ UDWH RI
�� . PLQ−�� 7KH ILFWLYH WHPSHUDWXUH ZDV FDOFXODWHG IURP WKH KHDWLQJ VFDQ LQ WKHVH
F\FOHV XVLQJ WKH PHWKRG SURSRVHG E\ 0R\QLKDQ >�@�

7KHUPDOO\ VWLPXODWHG GHSRODUL]DWLRQ FXUUHQW �76'&� PHDVXUHPHQWV ZHUH SHU�
IRUPHG ZLWK DQ DSSDUDWXV GHYHORSHG LQ RXU ODERUDWRU\ >�@� 6DPSOHV DUH DERXW � PP
WKLFN DQG WKH HOHFWURGHV KDYH D GLDPHWHU RI � PP� 7KH VDPSOHV DUH ILUVW KHDWHG WR D
SRODUL]DWLRQ WHPSHUDWXUH 7S ���

R& DERYH WKH JODVV WUDQVLWLRQ WHPSHUDWXUH 7J� 7KHQ�
WKH\ DUH VXEPLWWHG WR DQ HOHFWULF ILHOG RI ��� N9 P−� IRU D SHULRG RI � PLQ DW 7S� 7KLV
DOORZV WKH RULHQWDWLRQ RI GLSROHV ZLWK UHOD[DWLRQ WLPHV VPDOOHU WKDQ WKH SHULRG RI SR�
ODUL]DWLRQ� 7KHQ WKH SRODUL]DWLRQ LV IUR]HQ LQ E\ GHFUHDVLQJ WKH WHPSHUDWXUH DW D FRQ�
VWDQW FRROLQJ UDWH RI �� . PLQ−�� WKH HOHFWULF ILHOG LV FXW RII� D VKRUW FLUFXLW LV VHW XS
DQG WKH WHPSHUDWXUH LV LQFUHDVHG ZLWK D FRQVWDQW UDWH RI �� . PLQ−�� DOORZLQJ WKH
JUDGXDO UHOD[DWLRQ RI GLIIHUHQW SRODU XQLWV DQG WKH PHDVXUHPHQW RI WKH GHSRODUL]DWLRQ
FXUUHQW�

5HVXOWV�DQG�GLVFXVVLRQ

)LJXUH � VKRZV WKH FDORULPHWULF FXUYHV REWDLQHG RQ HDFK VDPSOH� %\ FURVVLQJ WKH
JODVV WUDQVLWLRQ WHPSHUDWXUH UDQJH� ZH RQO\ REVHUYH D FKDQJH LQ WKH VSHFLILF KHDW FD�
SDFLW\� 7KH YDOXHV RI WKH JODVV WUDQVLWLRQ WHPSHUDWXUH DUH H[DFWO\ WKH VDPH IRU ERWK
VDPSOHV �7DEOH ��� 1R H[RWKHUP UHODWHG WR IXUWKHU FXULQJ LV REVHUYHG DW KLJKHU WHP�
SHUDWXUH LQGLFDWLQJ WKDW WKH GHJUHH RI FXUH KDV UHDFKHG LWV PD[LPXP�

)LJXUH � UHSUHVHQWV WKH 76'& FRPSOH[ VSHFWUD REWDLQHG RQ HDFK VDPSOH� $W ORZ
WHPSHUDWXUH� ZH REVHUYH IRU ERWK V\VWHPV WKDW WKH VDPH SHDNV DSSHDU DW WKH VDPH
WHPSHUDWXUHV� UHVSHFWLYHO\ −��� DQG −��R&� DQG ZLWK WKH VDPH PDJQLWXGHV� 7KHVH

)LJ� � '6& KHDWLQJ FXUYHV REWDLQHG ZLWK D KHDWLQJ UDWH RI �� . PLQ
−�
RQ WKH WKHUPRFXUHG

UHVLQ �GDVKHG OLQH� DQG RQ WKH SKRWRFXUHG UHVLQ �IXOO OLQH�� ZLWKRXW DQ\ DQQHDOLQJ WLPH

/('58 HW DO�� 32/<85(7+$1( $&5</$7( 5(6,16 ��

-� 7KHUP� $QDO� &DO�� ��� ����



SHDNV FDOOHG γ DQG β DUH DVVLJQHG WR QRQ FRRSHUDWLYH ORFDO PRWLRQV DORQJ WKH SRO\�
PHULF FKDLQV� 7KLV VKRZV DJDLQ WKDW WKH UHVLQV REWDLQHG E\ WKH WZR GLIIHUHQW ZD\V DUH
LGHQWLFDO LQ WHUPV RI ORFDO UHOD[DWLRQ EHKDYLRXU� $W KLJKHU WHPSHUDWXUH� WKH α WUDQVL�
WLRQ LV REVHUYHG DQG WKLV WUDQVLWLRQ LV WKH GLHOHFWULF PDQLIHVWDWLRQ RI WKH JODVV WUDQVL�
WLRQ� %HFDXVH RI FRRSHUDWLYH UHDUUDQJHPHQWV WKLV WUDQVLWLRQ DSSHDUV DW WKH VDPH WHP�
SHUDWXUH IRU ERWK V\VWHPV DV D VXFFHVVLRQ RI VXSHULPSRVHG SHDNV� 7KLV LQGLFDWHV WKDW
WKH UHOD[DWLRQ SKHQRPHQD LQYROYHG IRU WKHVH UHVLQV LQ WKH JODVV WUDQVLWLRQ GRPDLQ DUH
FRPSOH[� 1HYHUWKHOHVV� LW LV FOHDU WKDW WKH PDJQLWXGH RI WKH α WUDQVLWLRQ LV QRW WKH
VDPH IRU WKH WZR UHVLQV� )URP WKH VXUIDFH RI WKH α SHDNV ZH FDQ GHWHUPLQH WKH SR�
ODUL]DWLRQ 3 ZKLFK LV UHODWHG WR WKH QXPEHU RI XQLWV ZKLFK DUH DEOH WR UHOD[ DW WKH
JODVV WUDQVLWLRQ� 7KH GLIIHUHQW YDOXHV RI 3 DQG WKH FKDUDFWHULVWLF WHPSHUDWXUHV RI WKH
WUDQVLWLRQV DUH UHSRUWHG LQ 7DEOH �� )LQDOO\� DW WHPSHUDWXUHV QHDU WKH SRODUL]DWLRQ WHP�
SHUDWXUH� ZH FDQ REVHUYH WKH ρ SHDN XVXDOO\ DVVLJQHG WR VSDFH FKDUJHV >�@�

)LJXUH � QRZ VKRZV DQ H[DPSOH RI WKH YDULDWLRQV RI WKH JODVV WUDQVLWLRQ REVHUYHG
E\ '6& RQ WKH SKRWRFXUHG UHVLQ IRU GLIIHUHQW FRROLQJ UDWHV T− DQG IRU D XQLTXH YDOXH
RI WKH KHDWLQJ UDWH� $V SUHGLFWHG E\ WKHRU\� WKH KLJKHU WKH FRROLQJ UDWH� WKH JUHDWHU WKH
YDOXH RI WKH JODVV WUDQVLWLRQ WHPSHUDWXUH� )ROORZLQJ WKH PHWKRG SURSRVHG E\ 0R\QL�
KDQ HW DO� >�@� )LJ� � VKRZV WKH OLQHDU YDULDWLRQ RI OQT± ZLWK ��7I ZKLFK OHDGV WR WKH

)LJ� � 76'& FRPSOH[ VSHFWUD� FRQGXFWLYLW\ σ YV� WHPSHUDWXUH� IRU WKH WKHUPRFXUHG UHVLQ
�GDVKHG OLQH� DQG IRU WKH SKRWRFXUHG UHVLQ �IXOO OLQH� DW �� . PLQ
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GHWHUPLQDWLRQ RI ∆K∗ �(T� � DQG 7DEOH ��� ,Q 7DEOH � ZH DOVR UHSRUW WKH YDOXHV RI WKH
FKDQJH LQ WKH VSHFLILF KHDW FDSDFLW\ �∆&S� DW WKH JODVV WUDQVLWLRQ�

$OO WKHVH UHVXOWV VKRZ WKDW LPSRUWDQW GLIIHUHQFHV H[LVW EHWZHHQ D WKHUPDOO\ FXUHG
DQG D SKRWRFKHPLFDOO\ FXUHG PDWHULDO� 7KH YDOXH RI WKH DSSDUHQW DFWLYDWLRQ HQHUJ\ LV
WZLFH DV JUHDW IRU WKH SKRWRFKHPLFDOO\ FXUHG UHVLQ WKDQ IRU WKH WKHUPDOO\ FXUHG RQH�
7KHVH YDULDWLRQV DUH LQ JRRG DJUHHPHQW ZLWK WKRVH REVHUYHG RQ WKH SRODUL]DWLRQ UH�
VXOWV� %HFDXVH WKHVH WZR SDUDPHWHUV DUH UHODWHG WR WKH UHOD[LQJ XQLWV� WKHLU YDULDWLRQV
OHDG WR WKH DVVXPSWLRQ WKDW WKH QXPEHU RI UHOD[LQJ XQLWV LV PRUH LPSRUWDQW LQ WKH
SKRWRFKHPLFDOO\ FXUHG UHVLQ WKDQ LQ WKH WKHUPDOO\ FXUHG RQH� %\ '6&� ZH REVHUYH D
VLQJOH JODVV WUDQVLWLRQ WHPSHUDWXUH RQ D ODUJH JODVV WUDQVLWLRQ GRPDLQ� +RZHYHU� WKH
GLIIHUHQW VKRXOGHUV REVHUYHG RQ WKH PDLQ α SHDN RI WKH 7'6& FRPSOH[ VSHFWUD VKRZ
WKDW ZH KDYH GLIIHUHQW PROHFXODU UHOD[DWLRQV IRU WKH VDPH XQLWV�

)LJ� � '6& KHDWLQJ FXUYHV ��� . PLQ
−�
� REWDLQHG IRU LQWULQVLF F\FOHV IRU WKH SKRWRFXUHG UHVLQ

IRU YDULRXV FRROLQJ UDWHV� D ± ��� . PLQ
−�
� E ± �� . PLQ

−�
� F ± �� . PLQ

−�
�

G ± �� . PLQ
−�
� H ± �� . PLQ

−�
� I ± �� . PLQ

−�
� J ± � . PLQ

−�
� K ± ��� . PLQ

−�
�

L ± � . PLQ
−�
DQG M ± ��� . PLQ

−�
�

7KH FXUYHV KDYH EHHQ VKLIWHG YHUWLFDOO\ UHODWLYH WR HDFK IRU VKDNH RI FODULW\

)LJ� � 9DULDWLRQV RI ��7I ZLWK OQT
±
IRU WKH WKHUPRFXUHG UHVLQ �IXOO FLUFOHV� DQG WKH SKRWRFXUHG

UHVLQ �RSHQ FLUFOHV�
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%HFDXVH WKH PROHFXODU PRWLRQV DW WKH JODVV WUDQVLWLRQ GHSHQG GUDVWLFDOO\ RQ WKH
IUHH YROXPH DYDLODEOH IRU WKH UHOD[DWLRQ� ZH KDYH FKHFNHG LQ D ILUVW DSSURDFK LI WKH
YDOXH RI WKH GHQVLW\ IRU HDFK PDWHULDO ZDV DEOH WR H[SODLQ RXU UHVXOWV� 8QIRUWXQDWHO\�
ERWK V\VWHPV KDYH SUDFWLFDOO\ WKH VDPH GHQVLW\� L�H� ����±����� 7KHUHIRUH� WKH GLIIHU�
HQFHV REVHUYHG RQ WKH PDWHULDOV FDQQRW EH H[SODLQHG E\ D µPDFURVFRSLF¶ DQDO\VLV RI
WKH UHOD[DWLRQ SKHQRPHQD� ,W LV QHFHVVDU\ WR SHUIRUP WKLV DQDO\VLV LQ WHUPV RI µPLFUR�
VFRSLF¶ DVVXPSWLRQV� )RU WKH WKHUPDO ZD\� WKH FXULQJ NLQHWLFV DUH YHU\ VORZ DQG DO�
ORZ WKH PDWHULDO WR UHDFK D VWDEOH VWUXFWXUH� 2Q WKH RWKHU KDQG� WKHVH NLQHWLFV DUH
PXFK IDVWHU IRU WKH SKRWRFKHPLFDOO\ FXUHG UHVLQ DQG ZH FDQ DVVXPH WKDW WKH IDVWQHVV
RI WKH UHDFWLRQ DOORZV WKH FURVVOLQNLQJ SURFHVV EXW QRW WKH VWUXFWXUDO UHDUUDQJHPHQWV�
7KHQ� LQ WKLV FDVH� WKH IDFW WKDW WKH FXULQJ NLQHWLFV DUH YHU\ GLIIHUHQW LQ ERWK PDWHULDOV
FDQ OHDG WR WKH PRUH OLNHO\ DVVXPSWLRQ WKDW WKH VWUXFWXUH RI WKH SKRWRFKHPLFDOO\
FXUHG UHVLQ LV IDUWKHU IURP HTXLOLEULXP WKDQ WKH WKHUPDOO\ FXUHG VWUXFWXUH�

&RQFOXVLRQV

:H KDYH VKRZQ WKDW LPSRUWDQW GLIIHUHQFHV H[LVW EHWZHHQ D WKHUPDOO\ FXUHG UHVLQ
DQG WKH SKRWRFKHPLFDOO\ FXUHG UHVLQ LQ WHUP RI PROHFXODU UHOD[DWLRQ� 1RZ� E\ FKDQJ�
LQJ WKH VWUXFWXUH RI WKH UHVLQV� WKH VWXG\ RI PROHFXODU UHOD[DWLRQV RQ WKHVH PDWHULDOV
RI WKH VDPH IDPLO\ ZLOO FRPSOHWH WKLV ILUVW VWXG\ LQ RUGHU WR FRQILUP RXU VXJJHVWLRQV
DQG ZLOO DOORZ XV WR FRPSOHWH RXU LQYHVWLJDWLRQV FRQFHUQLQJ WKH VWUXFWXUDO UHOD[DWLRQ�
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